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can be observed experimentally. The analysis presented is based on source-volume-conductor
configurations ranging from the classic cable theory, with sources derived from reaction diffusion
computations, to a realistic thorax model comprising a whole heart model with electric sources
represented by the equivalent electric double layer. The analysis focuses on the fact that the local
activation recovery interval (ARI) at regions activated by expanding wave fronts is significantly longer
than those activated by contracting ones. The consequences of this effect on observed magnitude and
wave form of recorded signals are illustrated.
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Widely different views can be observed in the literature
on the way repolarization of the myocardial fibres becomes
expressed in electrocardiograms and electrograms.1
This is in sharp contrast with generally accepted views
on the signals observed during the depolarization as being
generated by double layer sources at propagating wave fronts
that are sharply defined in space.
The analysis presented in this contribution is based on
observations on relatively simple source-volume conductor
configurations, ranging from the classic cable theory, with
sources derived from reaction diffusion computations, to a
realistic thorax model comprising a whole heart model, with
electric sources represented by an equivalent electric double
layer situated at the closed surface bounding the myocardium.
After a brief summary of theoretical concepts essential for
linking bioelectric current sources to the potential fields they
create, some consequences for the feasibility of extracting
repolarization features are discussed. For a more complete
treatment of the theory of electric volume conduction theory
and the background of the notation used below see Plonsey
and van Oosterom2:439NL Linden, The Netherlands.
o-linden@home.nl
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Cable theory
The fundamental expression for describing the relation-
ship between the electric processes at membrane patches of
myocytes and their propagation is as follows:
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in which Vm r
→
; t
 
denotes the transmembrane voltage at
location r
→
at time t, Cm the membrane capacity per unit
(patch) area, Sm the membrane surface-voltage ratio, σ r
→
 
the electric conductivity of the intracellular medium.
Jstim r
→
; t
 
represents the electric current density applied
to the intracellular medium by an external current source.
The driving source for a propagating activity lies at the
membrane. Moreover, ∇ denotes the gradient operator of a
scalar field and ∇ denotes the divergence of a vector field.
All four terms shown represent electric current densities
[unit: A/m2], the first term on the left quantifies the inter-
cellular current flow toward the patch at r
→
. The first term
on the right represents the current densityJC r
→
; t
 
charging
or de-charging the membrane capacitance. The term
Jion r
→
; t;Vm r
→
; t
  
denotes the complex membrane
mechanisms. According to convention the signs of these
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flow of (positive) charge.
If no external stimulus is involved, or during the time
following a stimulus, we have
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the total outflow current density at the membrane patch
considered. In its application to the computation of the
potential field in an external, passive medium, the current
density Jm r
→
; t
 
acts as the source.
The above formulation is the generalization of a one-
dimensional variant known as the cable equation. In its most
simple form, the source position is spread out along a line,
say, an x-axis, in 3D space and the intracellular conductivity
is taken to be uniform. The corresponding variant of Eq. 3
then reads
Im x; tð Þ ¼ Sx ∂
2
∂x2
Vm x; tð Þ; ð4Þ
now expressed in the appropriate physical variables: Im an
impressed current per unit length (along the cable), Sx,
similarly, a conductance of a unit cable length, and ∂
2
∂x2 the
second partial derivative, which is the 1D version of the 3D
operator∇ ∙ ∇ = Δ, the Laplacian that evaluates the sum of
the second derivatives of a scalar function, as is Vm.
If applied to a uniformly polarized single cell, Eq. 4
indicates that Jm r
→
; t
 
¼ 0 and, hence, no contribution is
generated to the external potential field φ r→; t
 
. More
generally, the potential field generated at observation point
r
→ and time t by a source distribution along the cable as in
Eq. 4 is
φ r→; t
 
¼ Sx
4πσ
∫
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R
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4πσ
∫
1
R
∂2
∂x2
Vm x; tð Þdx;ð5Þ
with R denoting the distance between the observation
point and the location of any current source element along
the cable, and σ the electric conductivity of the surrounding
medium. For ease of discussion, the latter is assumed to be
uniform and isotropic. The integration describes the adding
up of the contributions to the field of all source elements Im
(x, t) dx along the cable.
The EDL source
When applied to the entire heart, the link between
bioelectric source strength and resultant potential field may
be found in the same manner as described for the cable: an
integration, now in 3D space, over the entire myocardium.
Again, for ease of discussion, the intracellular conductivityr
→
 
, such as that of the extracellular medium is taken to be
uniform: r→
 
¼ i. After applying this to Eq. 3, the external
potential field at r ′
→
may be found as in Eq. 5 but now from
the volume integral:
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; t
 
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By using Green's second theorem, a standard result from
differential calculus,3 a further simplification can be found in
the form of the equivalent surface integral
φ r ′
→
; t
 
¼ −σi
4πσ
∫SVm r
→
; t
 
dω; ð7Þ
with S the surface encompassing the entire myocardium,
and dω denoting the solid angle subtended by a small
element of S at the external observation point at r ′
→
. The
source implied in this expression may be interpreted as a
double layer situated at the surface bounding the active
source region. It is referred to as the equivalent double layer:
(EDL). It is a generalization of the classic uniform double
layer model that has been used generally as a source model
during the depolarization phase of the myocardium.4 In
contrast, and significantly so, the EDL serves as a source
description throughout the entire depolarization-repolariza-
tion process.5
Some applications
The marker describing the timing of local depolarization
of the myocardium is accurately described by the time of
the maximum upstroke velocity of the trans-membrane
potential of the myocytes, Vm. It corresponds closely with
the timing of the maximum downslope velocity observed in
electrograms observed directly on the myocardial surface
referenced to a distal location, frequently referred to by the
misnomer “unipolar” electrograms. Below, this marker is
referred to as dep. In contrast, no such marker for the timing
of repolarization is available, simply since local repolariza-
tion is an on-going process that may last several hundreds of
milliseconds. Below, the marker rep used refers to the timing
of the maximum downslope velocity of Vm r
→
; t
 
, its in-
flection point. The associated marker ARI, the activation-
recovery interval, is defined as ARI = rep − dep. In contrast
to related markers such as action potential duration APD90,
the ARI marker is found to be closer to the effective refrac-
tory period, the relevant parameter in arrhythmia studies.6
The examples shown below aim to stress the fact that, next
to other contributing factors, a major factor in the experi-
mental observed spatial distribution of ARI stems from the
electrotonic interaction between neighbouring myocytes:
Eq. 3. To this end, all intrinsic parameters of an ion-kinetics
model driving the depolarization and repolarization process-
es involved were designated to be independent of space.
The cable
In 1990, in a paper on the correlation between trans-
membrane action potential durations and ARI values,7 a
theoretical link between these two variables was described
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along a cable.
Based on this assumption, we have Vm(x,t) = Vm(x − vt)
and thus ∂
2
∂x2 Vm x; tð Þ ¼ − 1v2 ∂
2
∂t2 Vm x; tð Þ, which, when in-
cluded in Eq. 5, yields
φ r→; t
 
¼ −Sx
4πσv2
∫
1
R
∂2
∂t2
Vm x; tð Þdx; ð8Þ
which formed the basis for the subsequent analysis on the
correlation described in the paper.
A more recent paper on this topic8 indicated that the
method proposed in Haws et al7 is valid only near locations
in the middle of a long cable. The propagation velocity near
the end points of the cable deviate from those in its middle,
as do the wave forms of Vm. Based on the zeroflux condition
at the ends the Vm profiles are zero. One of the consequences
is that the funtion ARI(x) is not a constant. This is illustrated
in 1 (Fig. 1). It shows the function ARI(dep). The function
Vm (x, t) was found by numerically solving the reaction–
diffusion equation (Eq. 2) in which Jion r
→
; t;Vm r
→
; t
  
was based on the atrial kinetics model described by
Courtemanche et al.9 For details of this computation, see
van Oosterom et al.8
Deviations from a constant are seen on the left in Fig. 1,
the stimulus site, and on the right, the end of the cable. These
are the consequences of the intercellular coupling: the elec-
trotonic interaction. For example, in a comparison with the
state at the end of the cable, the transmembrane potential at
its neighbours to the left has regressed more to the – more
negative – resting potential. This draws away current from
the end segment, thus advancing its repolarization.
A spherical shell
Another simple case illustration is the one in which an
activation process is initiated at the “North Pole” of a spherical
shell with radius R carrying a dense distribution of coupledFig. 1. Horizontal axis: timing of local depolarization, dep, along a cable;
vertical axis: corresponding values of the activation recovery, ARI. Cable
length 60 mm, defusion coefficient used sets propagation velocity to v =
0.5 m/s. Stimulus applied on the left. Simulation based on an ion kinetics
model for the atria.8 Color illustration online.units (cells) to which ion kinetics properties have been
assigned. Following the stimulus, the “tissue” is activated,
with concentric circles forming the activation wave fronts
spreading toward the other pole: the “South Pole”. Owing to
the axial symmetry of the configuration, just a single spatial
variable is involved: the transmembrane potential may be
described as Vm (s, t), with s = θR, and θ the polar angle. The
problem was solved using Eq. 1, in which the 3D LaplacianΔ
is replaced by the surface Laplacian,3,8
Δs ¼ 1
r
∂
d∂
þ ∂
2
dr2
; ð9Þ
with r the distance between any point on the sphere and
its axis.
Two types of results are presented. The first is the
function ARI(dep) for this confguration, shown in Fig. 2. The
underlying ion kinetics was the same as used for the cable.
Merged with the end effect, the function ARI(dep) here has
the shape of a slide.
The second type is electrograms, simulated at 11 locations
just outside the sphere, evenly spread along a meridian,
Fig. 3.Discussion
The most general, fundamental expression for linking
bioelectric source activity, specified by the transmembrane
potential, and the resulting potential field highlighted in this
paper is Eq. 3. It is based on the physical principles of electric
volume conduction theory10 as well as the notion that
bioelectric sources have the nature of current sources.11,12 Its
application to a uniform intracellular space, Eq. 4 shows that
the electric current impressed into the external medium is
related to the transmembrane potential, not as such, nor to its
gradient, but rather to the sum of the second order spatial
derivatives of Vm r
→
; t
 
.Fig. 2. Horizontal axis: timing of local depolarization,dep, initiated on a sphere;
vertical axis: values of the corresponding activation recovery, ARI. Distances
along themeredian L = 60 mm, (radius = 60/π) mm; defusion coefficient used
set the propagation velocity to v = 0.75 m/s. Color illustration online.
Fig. 3. Electrograms, simulated at 11 locations just outside the activation along
a sphere evenly spread along a meridian A) depolarization phase; first 90 ms;
dots mark the corresponding timing of depolarization observed on Vm B)
repolarization phase; the final 300 ms; dots mark the local timing of
repolarization rep. Note the different voltage scale compared to Fig. 3A.
Color illustration online.
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geneities of the intracellular conductivities at the boundaries
(Fig. 1) and of the activated tissue. Compared to ARI values
in regions activated by planar wave fronts, those at sites
with expanding wave fronts are longer; those at contracting
wave fronts are shorter. An accurate estimation of local ARI
values from electrograms would benefit from knowledge of
the preceding local activation sequence. An optimal esti-mation of local ARI values on the heart surface can be
obtained from floating microelectrodes, MAP techniques13
or a four electrode array placed on the epicardium.14 The
latter provides a crude, but efficient approximation of the
surface Laplacian.
The estimation of the full, global spatial distribution of
ARI values on the basis of observed body surface poten-
tials requires a dedicated forward problem formulation
and its solution. Current research shows significant pro-
gress.15 However, adequate experimental data for the con-
vincing validation of the results of such inverse studies are
still incomplete.References
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